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Global Tectonics of a Despun Planet?
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Mercury, the Moon, and many large satellites of the major planets have been tidally despun
from an initially faster rotation. These bodies probably possessed equatorial bulges which
relaxed as they lost their spin. An analysis of the stresses induced in an elastic shell by the
relaxation of an equatorial bulge indicates that differential stresses may reach a few kilobars
and that the tectonic pattern developed depends mainly upon the shell thickness. In every
model studied the azimuthal stress o,, is larger (more compressive) than the meridional
stress ow. For a thin elastic shell (thickness less than one-twentieth of the planet’s radius)
the zone from the equator to 48° latitude is characterized by strike-slip faulting. Poleward
of this, normal faults and graben trending east—west are expected. Thicker elastic shells
acquire an equatorial belt of thrust faults with east—west throw and rough north-south
trends. These tectonic styles may be modified by a small (0.05-0.19) radial expansion or
contraction. Expansion shifts the polar normal faulting province toward the equator, while
contraction shifts the equatorial provinces poleward. These patterns are not substantially
altered by plastic yielding of the shell, although the equatorial thrust fault province is sup-
pressed by strike-slip faulting until strike-slip faults occur poleward of 64.8° latitude. We
conclude that there are many tectonic patterns consistent with despinning and radial con-
traction or expansion, but they must all be consistent with ¢,, > as. These results also
indicate that the polar regions of a despun planet are of particular interest in deciding whether
a given lineament system is due to stresses induced by the relaxation of the planet’s equa-
torial bulge.

INTRODUCTION AND SUMMARY crusts, and thence to global systems of
fractures if the stresses were sufficiently
large. Although stresses must have locally
deviated from the global pattern, a fracture
network compatible with the global stress
pattern might still exist in a statistical sense.

The existence of global systems of frac-
after the solar_ sys’cem was formed. In the :ﬁzeSﬁ);rtlﬁne%l:;tjgﬁfe&?;, pliogi(;s)e,d tf}?;
process of losing their spin angular mo- Moon (Fielder, 1963; Strom, 1964), Mars

nLelntum, the;‘ilb()diﬁs also lost i)me Olf their gy derand MecCarthy, 1972), and Mercury
oblateness. This change In shape led to (g o al., 1975; Dgurisin, 1976).
stresses in their (presumably) solid outer

A number of planet-sized solid bodies in
the solar system have evidently lost most of
their original spin angular momentum.
The Moon, Mercury, Venus, Titan, and
Jupiter’s Galilean satellites probably had
rotation periods of roughly 1 day shortly

Several of these investigations compare

 Contribution No. 2832 of the Division of Geo- Observed fraCtu_re or h?e?‘ment SySt?ms
logical and Planetary Sciences, California Institute With the theoretical predictions of Vening-
of Technology, Pasadena, Calif. 91125. Meinesz (1947). Unfortunately, Vening-
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Meinesz used a rupture theory which
is now known to be incorrect (Badgley,
1965). Vening-Meinesz’s predicted fault
patterns thus do not agree with our cur-
rent understanding of the relation between
faulting and stress (Anderson, 1951). More-
over, Vening-Meinesz only investigated
the deformation of a thin elastic “crust”
or lithosphere overlying a fluid planet.
He did not consider what modifications a
dense core might make, nor did he look
at the effects of plastic yielding in the
lithosphere.

The purpose of this paper is to reexamine
the global tectonic pattern generated by a
relaxed equatorial bulge in the light of a
modern theory of faulting (Anderson,
1951). We also consider the effects of
different lithospheric thicknesses, the pres-
ence of a core (or other density discontinui-
ties), and plastic yielding of the lithosphere.

We find that the stress pattern due to a
relaxed equatorial bulge is not very sensi-
tive to the internal structure of the despun
body, although the actual magnitude of
the stress is dependent upon lithospheric
thickness. The azimuthal stress o,, always
exceeds the meridional stress gg except
at the poles, where they are equal. The
azimuthal stress ¢,, is generally compres-
sive from the equator to about 40° latitude,
poleward of which it becomes tensional.
The sign of ogs is more dependent upon
details of internal structure, particularly
upon lithospheric thickness.

The system of fractures resulting from
this stress system includes three distinct
provinces (Fig. 1). There is an equatorial
province, extending from about 30°S lati-
tude to 30°N or less, depending upon
lithospheric thickness. Thrust faults are
expected to form in this province. These
faults form in response to dominant azi-
muthal compression, and so should have
east—west throws with roughly north—-south
trends.

Right lateral strike-slip faults trending
roughly N 60°E and left lateral strike-slip
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Fia. 1. Schematic representation of the stresses
and associated faulting in the three tectonic prov-
inces which can occur on a despun planet. These
stresses are a consequence of the relaxation of the
planet’s equatorial bulge. The rows of small circles
in the strike-slip and normal faulting provinces
indicate alighments of voleanic craters and represent,
the fact that dike injection proceeds perpendicular
to the least principal axis. Vertical dikes controlled
by the global stress pattern should thus strike east
and west.

faults trending N 60°W form in a lati-
tudinal zone extending from 30 or less to
about 50°. The extent of this provinece
depends strongly upon lithospheric thick-
ness. If the thickness of the lithosphere is
between one-half and one-tenth of the
planet’s radius, then the zone of strike-slip
faulting may cover only about 15° of
latitude. On the other hand, if the litho-
sphere is thinner than one-twentieth of the
planet’s radius, there will be no thrust
faulting at all, and strike-slip faults will
extend from the equator to 48° latitude.
The regions poleward of about 40° lati-
tude are provinces of tensional stress [this
was noted by Burns (1976), who used
Vening-Meinesz’s solutions and thus placed
the boundary at 55° latitude]. The nature
of faulting in this provinee depends upon
depth in the lithosphere. Thus, in the near-
surface region (the upper few kilometers)
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brittle failure of rocks in tension should
produce joints trending east-west. There
may be a transitional region between the
midlatitude shear fractures and the polar
east—-west tension fractures, where the 60°
opening angle between conjugate shears
closes to zero (Brace, 1964). Deeper in the
lithosphere, lithostatic pressure is large
enough to ensure that no principal stress is
tensional. In this case, the minimum
principal stress is meridional (north-south),
while the maximum stress is vertical. We
thus expect graben trending east-west.
These graben may be cut by north-south
cross joints once the primary meridional
tension has been relieved. We do not know
enough about the response of lithospheric
material to tensional forces to say which
depth will dominate. It is possible that the
result will be a superposition of fracture
patterns developed at both near-surface and
deeper levels (deep fractures thus propa-
gating upward to the surface). In either
case, however, the extensional stresses in
the polar provinces lead us to expect strong
east—west lineaments.

The fact that such polar east—west linea-
ments have not been observed on either
the Moon (Strom, 1964, and personal com-
munication, 1976) or Mercury (Dzurisin,
1976) seems to argue against the hypo-
thesis that the fracture systems on these
planets are due to despinning and conse-
quent relaxation of an equatorial bulge.
We note, however, that the tensional or
compressional provinces may be extended
to any degree desired if the planet is
allowed either to expand or to contract
radially while it is being despun.

Purely radial expansion leads to tensional
o¢o and o,, which are equal over the whole
planet. Superimposed on the stress field
due to despinning, its effect is to bring
the polar tensional province closer to the
equator. For a sufficiently large expansion
(still less than a few tenths of 1% of the
planet’s radius) the tensional tectonic
province can cover the entire planet. Con-
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versely, radial contraction leads to equal
compressional ggp and ¢,, and may thus
act to extend the equatorial thrust faulting
provinee to the poles. Figure 5 shows how
radial expansion or contraction affects the
extent of the three tectonic provinces.

A combination of stresses due to de-
spinning and expansion or contraction may
thus be used to explain a variety of global
fracture patterns. No combination of these
stress systems, however, could explain
features due to north-south compression
or east—-west tension. Thus, conjugate shear
fractures whose acute angle is bisected by
a north—south line, or north-south-trending
graben are outside the scope of this analysis.
If strong evidence of such features is
found, then we cannot postulate that the
stresses which produced them were due
to despinning,

In the following pages we show how
these conclusions come about in more detail.
The more intimate details of the stress
field in an elastic shell are relegated to the
Appendix. In the text we concentrate
upon a few simple examples of the more
general calculations.

STRESSES ACTING IN A DESPUN PLANET

A nonrotating, self-gravitating mass of
fluid tends to assume a spherical shape
in the absence of other forces. If it rotates
slowly, then the stable configuration is an
oblate, or flattened, spheroid. Contours of
equal pressure in such a body coincide with
equipotential surfaces in the rotating sys-
tem, and no deviatoric or shear stresses are
present. The equation describing the sur-
face of a slowly rotating mass in hydro-
static equilibrium is

r=all— (f/6)(1 —3cos2)\)], (1)

where r is the radial distance from the
center of the spheroid to the surface, a is
its mean radius, X is the latitude, and f is
the spheroid’s flattening, defined as

J= (requatorial - Tpola,)/a. (2)
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There are two terms in the gravitational
potential which contribute to the departure
of equipotential surfaces from perfect sphe-
ricity. The first is the “centripetal potential”’
U, = 3?2 cos? \, where « is the angular
velocity of rotation. This term arises from
the faet that we seek equilibrium in a
rotating coordinate system. The other term
comes from the deformed mass itself: an
oblate spheroidal mass generates an oblate
gravitational field. When both terms are
added and we require that surfaces of con-
stant pressure within the mass are equi-
potential surfaces, an equation for the sur-
face flattening results. The solution to this
equation is well known (Jeffries, 1952):

M
fm——— 3)
1+ {301 — 3(C/Mar)]1}?
In this equation
centripetal acceleration at equator
m =
gravitational acceleration
w?a?
= a-_ y  (4)
where G is the gravitational constant and

M is the bodies’ mass. The condition of
“slow rotation” means that m must be
much smaller than 1. The quantity C in
(3) is the polar moment of inertia. For the
purposes of this paper, no great error will
result if we assume the body has uniform
density, in which case we can take

f=G/49m ()

Thus, if Mercury were in hydrostatic equi-
librium and had a period of 20 hr this
formula predlcts a flattening f = 1/160,

o ,‘-,‘14,.,\1/0005
01 1/490.429

(uniform density).

b()lxlﬁwlldb ld,lgcl dd bllU value
for the Earth.

In the following work, we assume that
the planetary body in question originally

began in a state of hydrostatic equilibrium
with flattanine olven ]’\v (K\ The mnﬂpl

WLl 1IQUCHAILE KiVOIl 2 0C INQLe

thus assumes that there were no deviatoric
stresses in the body before it began to lose
its spin. This does not appear unreasonable

in the light of evidence for early differentia-
tion of virtually all planet-sized bodies in
the solar system. During the differentiation
process, the entire planet was probably hot
enough to eliminate stress differences by
viscous flow or creep. Later, when a brittle
lithosphere formed by surface cooling, stress
differences could be supported elastically.

After the formation of an elastic litho-
sphere, the planet lost some fraction of its
spin, decreasing m to m’. At the same time,
the flattening decreased from f = (5/4)m
to f’. If the new flattening f* was equal to
(5/4)m’, we would again have a hydro-
static stress state with no shear stresses.
This would be the case for a fluid sphere
HGW%‘V’GL, an elastic mpuclc, or a pm,ucb
with a fluid interior and an elastic litho-
sphere, resists changes in shape. The
nonhydrostatic stresses which develop in

the elastic portion of the planet tend to
malke larn'or than /K/A\m Tf' thoao

make f ger than (5/4) these
stresses become large enough, rupture can
oceur, thus relieving stress and decreasing
/' toward the hydrostatic value. The rela-
tion between the change in rotation rate
m — m’) and the stress developed in
the elastie portion of the planet is a func-
tion of the planet’s internal structure.

We explore a range of models which
should encompass all of the possibilities
actually occurring in the solar system. In
this work we use Mercury for numerical
examples, although the actual results are
more geueral. Most of the details of this
work are in the Appendix. However, to
give the reader a general idea of the method,
we describe two of the simpler limits in
more detail. We then go on to discuss the

atiang

C10T118.

(e,

l.}uua

Ezample: Despinning of an Incompressible
Elastic Spheroid

In iniﬁn] hvdrnq’ratlc C»nﬁgll‘atl@[]_

with flattening f and rotational parameter
m the gravitational potential inside an
oblate spheroid of uniform density p and

the
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mass M is (Jeffries, 1952)

GM [3(12 —r2  mr?
= a 2(12 3 a2
1/ m\ r
__(_+_>—(1 —300s2>\):|, (6)
2\5 6/

where G is Newton’s gravitational constant.
Equilibrium of forces requires

vp(r,\) = —»pVU, Q)
where p(r, ) is pressure. The solution to
this equation is

p(r, ) = constant — pU. (8)

The constant is determined by the require-
ment that p(r, \) = 0 on the oblate surface
(1). In general, a suitable constant for (8)
can only be found if f = (5/4)m. When
this is the case, we find
) oM ra® — 12 4f1 r?
T -
a 2a? 15 a?
g
e ¢ 3cosZ>\):|, 9)
6 a?

and the stress tensor o;; is given by

O = 099 = 04, = p(7, )‘),

(10)

Tr = Orp = Top = 0.

Note that compressive stress is positive.
Figure 2 illustrates the coordinate system.
The reader may easily check that (9)
satisfies p(r, \) = 0 on the oblate surface
(1) to first order in f (we neglect terms of
order f2 and mf).

Suppose m decreases to m’. The flattening
of the spheroid decreases to f” and the new

surface is given by
" =a[l— (f//6)(1 — 3cos2))] (11)

The internal gravitational potential becomes

GMr13a2—12 m' r
w=—_{_—— nr
a 2a? 3 a?
177 m’\ r?
- - (— +—>—— a- 30032>\):| . (12)
2\5 6/ a?
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Fic. 2. Geometry of the despun planet and defini-
tion of several variables. The planet is modeled as
an elastic shell or lithosphere with external radius a,
internal radius b, overlying an incompressible fluid
core of density p.. The lithosphere is deseribed by
its shear modulus g, density pm, and Poisson’s ratio
o. The flattening, defined as the difference between
the equatorial and polar radii divided by the mean
radius, is f for the outer surface of the elastic shell,
and f; for its interior. The latitude of a point within
the planet is given by A, its eolatitude is 6, and its
distance from the center is 7. The planet spins with
an angular velocity w.

The pressure can be computed as before.

Evaluating this pressure on the surface
(11) we find

p’ (surface’) = constant’
pGM 1 5
LSS
a 15 4

X (1 — 3 cos 2>\):| . (13)

Thus, unless f* = (5/4)m’ (the hydrostatic
value) we cannot obtain zero pressure on
the surface at all latitudes. However, the
boundary conditions at the free surface
of a body require

o, = p’(surface’) = 0, (14a)

o’,.a_= O
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Obviously, a stress component o,, must
be added from some other source. The
source of this extra stress is the elastic de-
formation of the spheroid. The surface of

the spheroid has been displaced radially
by an amount

— (@/6)(f — 1)
X (1 — 3 cos 2)).

U =7r —7r =

(15)

The stress equilibrium equations for an in-
compressible elastic sphere admit only two
solutions for a surface deformation of type
(15) [see Jeffries (1952) and Appendix]:

These solutions imply

hatnadi e

u, = (ar + Br3) (1 — 3 cos 21),
p(2a — Br) (1 — 3 cos 20),
— 2u(3a + 88r2) sin 21,

el
Orr

(16)
Urﬂel =

where u is the shear modulus of the planet
and o and 8 are constants which are to be
determined; these constants describe the
amount of stress contributed by each of the
two solutions. The boundary conditions
(14a) thus become

o{a, \) + p'(surface’) = 0,

(14b)
U,oel(a, )\) =0
(note that ol are already of order f so

that we may evaluate them at r = a to
sufficient accuracy). The application of
these boundary conditions determines o
and 8, yielding the result
5/4)(m — m’
fof = (5/4)( ) o an
1 + (19/2) (au/pGM)

Note the important role of the dimension-
less constant

2 2 GM ( $)2
4 (1‘!_" h \ V.
&~ pUrivd &

(shear wave velocity in planet\?

18)

\ escape velocity of planet / )

If this constant is much smaller than 1,
as for a large massive planet, (17) shows

that (f — f) ~ (5/4)(m — m/). Thus, f
never departs much from the hydrostatic
value (5/4)m’. The planet is not strong

]nrgp nonhvdrostatie

AU Y RITUS VR uis

enough to support a

bulge, although elastic stresses do build up
in the interior.

If the constant (18) is much larger than
1, as for a small planet, f* will not differ
much from f, (f — /) >~ 0. In this case
the strength of the planet is sufficient to
maintain the nonhydrostatic bulge against
the forces tending to relax it. The equa-
torial bulge acts like a load applied to the
surface of an elastic spheroid.

Unfortunately, the shear wave velocities
of the terrestrial planets are comparable to

bllbll Extape V_UlUbll.r].Eb lllub lUI' I/Ile LVlOOIl
(vs/ve)? 22 2.8, for the Earth it is 0.16, and
if Mercury has the same shear wave
velocity as the Earth (about 4.5 km/sec
in the upper mantle), (v./v.)? = 1. 1 for
We thus eanno

+
Mercury. vw UAUS Cannov

Mercury
(17) by one of its limits for the terrestrial
planets.

The boundary conditions (14b) deter-
mine a and B. The entire stress field thus

annm,

o ata
appi oXimate

becomes known. Near the surface gg°!
and o,,°! are
w(f— 1)
aee®l(a, ) = — (31 — 57 cos 210),
A (19)
el —=7)

oett(a, \) = — (13 — 75 cos 2)).
The total stresses g4¢ and o,, may be ob-
tained from the elastic stresses g4°! and
0,,°0 Dy adding the pressure p to the
elastic stresses.

+ p’(surface’) = 0,

7 r ”n ol
o..(surtace’) = o,,°!

age(surface’) = oge°! + p’ (surface’)

— 2 /£ £\
= —358—J)
0,0 (surface’) = o, + p’(surface’)

= 3a(f — f)(A + 3cos2N).
At the poles, A = =+ 90°,
—_ —_ 2
gos = 0pp = — Fu(f — f)
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so both oe and o,, are tensional. The
difference between the azimuthal and me-
ridional stresses is always positive,

-_ O'go(a, )\)
= 3u(/ = A + cos2N);

Tep(a, \)
(21)

hence ¢,, is always larger than og. The
maximum difference (at the surface) occurs
on the equator where

Tpp — 068 = (6/5) M(f - f/)

The azimuthal stress ¢,, is compressive up
to 55° latitude, poleward of which it be-
comes tensional. The meridional stress oge
is tensional at all latitudes. The general
stress pattern is thus exactly as described
in the Introduction, and the tectonic prov-
inces follow that pattern.

An estimate of the size of u(f — f’), and
thus of the maximum stress differences,
can be easily made for a body of the size
and mass of Mercury. Taking f = 1/160
originally, and supposing the rotation to be
completely stopped, m’ = 0, we find (using
u = 6.5 X 10" dyn/cm?) that f/ = 1/173
(nearly the same as f) and that u(f — f)
~ 300 bars. This stress is comparable with
that associated with deviations from isos-
tasy in both the Earth and the Moon.
However, it seems unlikely that major
fracturing of the Mercurian lithosphere
would result from such stress differences.

Thus, if Mercury (or smaller bodies, such
as the Moon) can be accurately modeled
as incompressible elastic spheroids, we
expect that they are capable of supporting
large nonhydrostatic bulges. In fact, Mer-
cury does not have any detectable flattening
(Howard et al., 1974), suggesting that this
model is inadequate. The obvious modifica-
tion is to suppose that Mercury is better
described by an elastic shell with a fluid
interior. In this case the factor (vs/».)? in
(18) is multiplied by a term of order i¢/a,
where ¢ is the thickness of the elastic shell.
Thus for a sufficiently thin shell the
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flattening remains near the hydrostatic
value of (5/4)m’, even though large stresses
may build up in the shell.

When we speak of a “fluid” interior to
the elastic shell, we do not necessarily mean
a liquid interior. All that is required of the
interior is that it does not support stress
differences over a period of time comparable
to the spindown time of the planet. This is
equivalent to insisting that the Maxwell
relaxation time 7 = n/u (where 7 is the
effective viscosity of the material) be
shorter than the spindown time in the
“fluid” interior, but longer than the spin-
down time in the “‘elastic’” shell. The thick-
ness of the ‘“elastic’”’ shell is thus deter-
mined by the rheology of the planet’s in-
terior. In particular, this shell need not
coincide with any compositional or phase
boundary in the planet.

The detailed solutions for stress de-
veloped in a planet with an elastic shell of
a given thickness are presented graphically
in Fig. 3. These solutions are algebraically
messy and are discussed in the Appendix.
In the next section we discuss the logieal
limit of a very thin shell.

Example: Despinning of a Planet with a
Thin Elastic Lithosphere

A very thin elastic shell or lithosphere
cannot exert appreciable bending stress
and so cannot support a nonhydrostatic
equatorial bulge. Thus, for a sufficiently
thin lithosphere the flattening is nearly
equal to the hydrostatic value,
= 6/49m’' (thin lithosphere). (22)
Even though the lithosphere cannot exert
bending moments, it does develop stresses
due to stretching. These stresses can be
evaluated either by taking the { — 0 limit
of the stress in an elastic shell (see Appen-
dix), or by rewriting the equilibrium equa-
tions in such a way as to drop the bending
terms (Vening-Meinesz, 1947). In either
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Fra. 3. Dependence of the stress and tectonie style of a despun planet on lithospheric thickness
and the insensitivity of the stress pattern to the presence of a dense core or compressibility of
the lithosphere. Each plot summarizes the stress developed in an array of model planets. The
vertical axis is latitude on the planet, and the horizontal axis is the ratio between the core radius
and the planet’s radius, b/a. Thus, for a solid elastic sphere b/a = 0 while for an infinitesimally
thin lithospheric shell b/a = 1. The contours represent the stress in bars developed in a planet,
with a given b/o ratio at various latitudes. The way to read the plots is to choose a value of b/a
for some particular model, draw a vertical line, and read off the latitudes at which the stress
equals the contour value. The top plot in each sequence is the meridional stress ow, the middle
plot is the azimuthal stress o, and the bottom plot is the tectonic interpretation of these two
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stress fields. Since ow and o,, are horizontal stresses at the surface, o, = 0. The parameters
used to compute the stress contours were chosen to approximate the conditions of Mercury.
The initial period was 20 hr; the final period, 1400 hr (59 days) ; the radius of the planet, 2439 km ;
the mean density, 5.44 g/cm3; and the shear modulus, 6.5 X 10" dyn/cm? Figure 3a was computed
for a lithosphere with Poisson’s ratio ¢ = 0.5 (incompressible), and the ratio of core density
to lithosphere density p./em = 1. Figure 3b was computed for ¢ = 0.5 as before, but with pc/pm
= 2. We see that the presence of a dense core has very little influence on the surface stress
pattern, Figure 3¢ examines the effect of compressibility: ¢ = 0.25 and po/pm = 1. Again, it is
evident that the stress pattern is not very dependent upon compressibility.
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Fie. 3—Continued

case the same equations result: 5 N2 4
Top = — (m — m)p
12 5 g

u, = — —a(m — m')(1 — 3 cos 2\),

24 X (1 4+ 9 cos 2)\),

5 140 | | |
ogg = — — (m — m’)n( ) where o is Poisson’s ratio for the elastic

12 540

material of the lithosphere. We see that the
X (5 — 3 cos2)), difference o¢,, — ogs is positive at all
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1+0>
5+

X (1 + cos 2)),

latitudes,

Tpp — Tog = 5(M — m,)l‘(

(24)

so that ¢,, > a¢s at all latitudes for a thin
lithosphere as well as for a solid elastic

id. The maximum difference
spheroid. The maximum stress difference

again occurs at the equator, where a,, — s
=5m—m)u(l+ d)/(5 + o). The azi-
muthal stress o,, is compressive up to 48°
latitude, poleward of which it becomes
tensional. The meridional

stress ggs 18
tensional at all latitudes. The stress pattern
is thus generally similar to that of a solid
elastic spheroid. The major difference be-
tween the stress field (23) for a thin crust
and the stress field (20) for a solid spheroid
is the magnitude of the stresses. If Mercury
originally had f = 1/160 (m = 0.0050) and
m' was reduced to zero, then the maximum
stress difference in a thin lithosphere is
of order (m — m’) u = 3260 bars (u =

X 10" dyn/cm?). This stress difference is
about ten times larger than the maximum
stress difference in a solid elastic spheroid.
It far exceeds the average stress differences
present in the lithosphere of the Earth or
the Moon and there seems little doubt that

it is sufficient to rupture the lithosphere
TF the Mereurian olohal frac_

vl avalitiiqil siU0dr 1ral

of Meren ry

UL vValilual

ture system is to be explained in terms of
a relaxed equatorial bulge, it is thus
necessary for Mercury to behave as if it
consisted of a thin elastic shell overlying
a fluid interior.

The General Problem

Figure 3 presents the results of a suite
of models. Since the normal component
of stress o,, 1s zero at the surface of the
planet, we plot only the azimuthal stress
¢, and the meridional stress o46. The value
of each stress component is determined
over a range of latitudes from 0 to 90° and
for some value of the ratio of the shell
thickness to the planet’s radius. Figure 3
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shows contours of ¢,, and e on a plot of
latitude versus this ratio. The numerical
values of the stresses in Fig. 3 are derived
with reference to Mercury. Thus, we have
assumed that the planet’s initial hydro-
static flattening was f = 1/160 and that
it was completely despun (m’ = 0). We
have taken the constant (18) (v./v.)?
= 1.1 and p = 6.5 X 10" dyn/cm?. The
stress values are proportional to (m — m/').
The change in flattening (f — f) 1is
plottcd as a fuuctu’)ﬁ of shell thickness in
Fig. 4 for the three different cases shown
in Figs. 3a, b, and c.

TFigure 3a displays the stresses og and
oy, developed on the surface of an in-

comnpressible elastie chell as g

CULLIPIUSS1IIT  Claduil Silih as

rosult of
résuay Ol

despinning. The density of the planet is
assumed to be uniform. Figure 3a also
includes a tectonic interpretation of the
stress pattern, to be discussed more
‘rhnroughlv in the next section. Figure 3b
is a similar plot of the stresses developed
on the surface of an incompressible elastic
shell whose interior is filled with a fluid
twice as dense as the shell. The density
difference between the shell and the fluid
causes stress to be exerted on the interior of
the shell, thus altering its elastic response.
Figure 3¢ displays the effect of compressi-
bility, where the stresses developed in an
elastic shell with Poisson’s ratio ¢ = 0.25 on
a planet of uniform density are computed.

The most notable feature of Figs 3a, b,
and ¢ is their smidarity Althot ug,u there are
differences in detail, the overall stress
patterns are nearly identical. The lesson
we learn is that neither the presence nor the

absence of a dense core or varying degree
of nnmnrnqqlhlhfv can affeet the stress

patterns due to despinning.

Lithospheric thickness is the dominant
factor in regulating both the magnitudes of
the stresses and their patterns. In general,
the thinner the lithosphere, the larger the
stresses and stress differences become.
Moreover, a planet with a lithosphere
thicker than about one-twentieth of the
planet’s radius and thinner than one-half
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Fic. 4. The difference between the final flattening
f' of a despun planet and its initial, hydrostatic
value f, for a variety of model planets. When the
planet has a very thin elastic lithosphere, b/a = 1,
the difference f — f’is equal to f;i.e., the flattening
of the despun planet is zero, and it cannot support
any equatorial bulge. If the planet is modeled as a
solid elastic sphere, b/a = 0, it can evidently support
a considerable equatorial bulge (f — f' # f). The
curves show the results for intermediate cases. The
three curves are computed for the models described
in Fig. 3a, b, and c¢. The corresponding surface
stresses may be found from Fig. 3.

the radius will have an equatorial zone in
which both ¢ and o,, are compressive.
If the lithosphere is thinner than about
one-twentieth of the planet’s radius, this
zone disappears and g is tensional from
equator to pole.

Before discussing the effects of these
stress fields on crustal tectonics, we note
that the character of the stresses induced
by despinning can be greatly altered if the
planet expands or contracts slightly as it
despins. Such radial motions may be due
to heating or cooling of the planet’s
interior or to phase transformations taking
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place at constant temperature. A certain
amount of contraction is due to despinning
itself, since (9) shows that the average
pressure at any depth is a funetion of the
spin. As the planet despins the average
pressure increases, compressing the interior.
[Stoneley (1924) has shown that the stress
due to this compression is small in com-
parison to the stress due to the change in
oblateness for the Earth.]

The stress developed near the surface of
a planet whose radius has decreased by an
amount A ig given by

1+6 A

gee(a) = g,p(a) = 2u )
— g a

2
a'rr(a) = 0. ( 5)
The thickness of the elastic shell does not
affect the stress. This equation shows that
a 19, contraction generates compressive
stresses of tens of kilobars.

Superposition of stress fields due to de-
spinning and to expansion or contraction
yields a wide range of tectonic models. The
various tectonic provinces can be shifted,
extended or reduced by different amounts
of radial motion (see Fig. 5). The one
constant factor in all of these models is that
G40 > oge. This relation holds for all stress
fields due to despinning. Since contraction
or expansion produces equal ¢4 and o,,,
the superposition of these two processes
preserves oo, > 0.

Now that we understand the nature of
the elastic stresses generated by despinning
and expansion or contraction of a planet,
we go on to describe the implications of
these stresses for crustal tectonics. We also
investigate the modification introduced by
plastic yielding of the crust.

THE RELATION BETWEEN STRESS
AND TECTONICS

The modern view of the relation between
faulting and stress is expounded at some
length by Anderson (1951). In brief, An-
derson proposes that all faults are shear
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fractures. The plane of failure lies at an
angle of about 30° to the direction of maxi-
mum compressive stress and includes the
intermediate stress axis. Rock mechanics
investigations confirm the 30° angle and
indicate that the failure stress depends
upon ambient pressure as well as the
difference between the maximum and mini-
mum principal stresses (Handin, 1966).

Near the surface of a planet stress bound-
ary conditions require that one of the
principal stresses be perpendicular to the
surface. Sinee there are three principal
stresses, there are three orientations of the
shear failure plane and thus three styles
of faulting are possible. Depending upon
whether the maximum, intermediate, or
minimum principal stress is perpendicular
to the surface we expect normal faults,
strike-slip faults, or thrust faults. The orien-
tation of the stresses acting horizontally in
the planet’s crust determines the orienta-
tion of faults observed.

For a despun planet we have found that
0op > og and o,, = 0 near the surface. Con-
traction or expansion of the planet con-
tributes equally to the ¢,, and o4 compo-
nents, but does not alter ¢,,. The addition
of a hydrostatic pressure, as occurs with
increasing depth in the planet, does not
alter the principal stress orientation since
it contributes equally to all stress com-
ponents

Grr = 09 = 0p, = pgla — 1)

(hydrostatic), (26)

where g is the surface gravity (360 em/sec?
for Mercury, giving a vertical pressure
gradient of 110 bars/km for a crustal
density of 3 g/cm?®). These simple principles
allow us to distinguish three tectonic prov-
inces on the planet:

1. Equatorial zone of thrust faulting.
Gy > Ggs > 0rp. When oy, and agg are both
compressive they exceed o, = 0. The
minimum prineipal stresses is thus vertical,
so that thrust faults are expected. Since
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oo > 09, displacement will be east—
west and the faults will trend roughly
north-south.

2. Equatorial to midlatitude zone of
strike-slip faults. o,, > o, > o9 If 0,, 18
compressive and g is tensional, o, is the
intermediate principal stress and strike-
slip faults result. They form in conjugate
sets at angles of about 30° to the direction
of maximum compressive stress ; hence they
trend roughly N 60°E and N 60°W.

3. Polar zones of normal faults. ¢,, > 0.,
> o¢s. When both o,, and ¢5¢ become ten-
sional o,, is the maximum principal stress,
thus leading to normal faulting. The inter-
mediate principal stress is o,, so that the
faults trend east—west. In the immediate
vicinity of the poles o,, and ¢4 are nearly
equal, so that the trends of the faults may
not be strongly controlled.

These classifications have been used in
Fig. 3 to interpret the stress patterns de-
scribed there in terms of their tectonic
implications. The addition of varying de-
grees of expansion or contraction of the
planet can alter these relations. Thus, if a
planet expands sufficiently, ¢,, and ges may
become tensional everywhere, extending
the polar zone of normal faults until it
covers the entire planet. Conversely, suffi-
cient contraction may cause o,, and a4 t0
be everywhere compressional, thus ex-
tending thrust faulting over the entire
planet. Figure 5 illustrates the effect of
intermediate degrees of expansion or con-
traction on planets with both thick and thin
lithospherie shells.

The above relations between faulting and
stress are strictly valid only when all of the
principal stresses are compressive. This
always occurs at some depth below the
surface, since a stress which is tensional
at the surface becomes compressional at
sufficient depth due to the addition of
lithostatic pressure, although it remains
smaller than the lithostatic pressure. How-
ever, the despinning model predicts that
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| Fic. 5. The extent of the three tectonic provinces
on a despun planet is plotted versus a parameter
which describes the amount of contraction or ex-
pansion of the planet relative to its total change in
flattening. A is the change in radius of the planet
(positive for contraction), so A/a is the fractional
contraction. f — f is the change in flattening of the
planet. If no contraction takes place, the contraction
parameter A/a(f — f/) = 0. In this case, strike-
slip faulting extends to 48° with normal faults
occurring poleward of this for a thin lithosphere
(a). On an elastic sphere (b) this transition latitude
is 55°, Contraction shifts the transition between
strike-slip faulting and normal faulting poleward
and eventually results in thrust faults which cover
the entire surface of the planet. Sufficient expansion
can cause normal faults to cover the entire planet.
The horizontal scales in the two plots are arranged

so that they are equal when o = §.

rather large tensional stresses can develop
near the surface. Since we are interested
in surface tectonics, we must inquire into
how these stresses affect the fault pattern.
Brace (1964) has shown that intact rock
specimens have very low tensional strengths.
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Several hundred bars is typical. When such
specimens fracture, the fracture plane is
either perpendicular to or forms a low
angle with the axis of tension. There is a
continuous transition between shear frac-
tures making about a 60° angle with the
minimum compressive stress axis and
tensional fractures at 90° to the tensional
stress axis. This transition occurs over a
range of minimum principal stress of a
few hundred bars. If this phenomenon is
relevant to the crust of a despun planet,
then we expect a gradual transition between
the N 60°E and N 60°W strike-slip faulting
province and the east—west-trending normal
faults in the polar province.

On the other hand, the surface of a planet
is unlikely to be as homogeneous and
initially flawless as Brace’s specimens were.
It is more likely to be extensively fractured
by meteorite impacts and igneous intru-
sions. The tensional strength of such ma-
terial is effectively zero: it yields to tension
by opening preexisting randomly oriented
fractures. The stresses applied to the
planet’s crust are thus borne at greater
depths where all stresses are compressive.
When fractures occur at these deeper levels
they propagate upward through the inco-
herent overburden. This argument supports
the validity of Anderson’s (1951) correla-
tion between stress and tectonic pattern,
despite the apparent occurrence of tensional
stresses. The validity of Anderson’s rela-
tions in the face of tensional stresses is
further supported by model experiments
in clay where tension was actually applied,
and by Anderson’s success in describing
terrestrial geologic structures where similar
complications arise (Billings, 1972). Thus,
although the role of tensional stresses in the
near-surface layers of the crust is somewhat
obscure, field experience shows that An-
derson’s correlation between stress and
tectonies is probably generally correct. We
should nevertheless be aware that tensional
fractures and joints may form part of the
planetary lineament system. Where such
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lineaments occur they will have dominant
east-west trends.

Thus far, we have considered the litho-
sphere of the planet to be elastic. As the
planet despins, elastic stresses build up. The
maximum differences between principal
stresses occur at the equator (where
6,0, — ogg 18 the largest difference for
strike-slip faulting and ¢, — o,, is the
largest difference when thrust faulting
oceurs) and at the poles (where ¢,, — ogg 18
maximum). When these stress differences
exceed some critical value, which we shall
call the lithospheric yield stress Y, failure
occurs and faults form in orientations con-
trolled by the elastic stress fields. Terres-
trial experience indicates that this yield
stress may be no more than a few hundred
bars (Chinnery, 1964). As the planet de-
spins still more, the regions of failure
spread away from the poles and equator
toward midlatitude regions. Eventually,
the entire lithosphere may become faulted.
The stresses in the faulted regions are not
governed by elasticity. The stress equi-
librium equations are still valid, but stress
differences are held fixed at the yield point.
The faulted regions are thus in a state of
plastic equilibrium. In general, plastic
equilibrium is very difficult to handle
mathematically ; however, if the lithosphere
is thin the equations become simple, espe-
cially since our planet is axially symmetric.
When the lithosphere is thick the situation
is much more complex, and numerical
solutions are necessary. We shall describe
the analytical solutions for a thin litho-
sphere, since they qualitatively display all
of the effects of plastic yielding.

The radial stress o,, in a thin lithosphere
is smaller than the stresses g¢ and o,, by
a factor ¢/a. Thus, if Mercury had a 100-km-
thick lithosphere, ¢,, would be about one-
twentieth of 4 Or o,,. We can thus neglect
orr and o, to first order. The stress oy, is
zero by axial symmetry, so that the stress
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equilibrium equations simplify to

60’09/3)\ + (O'W, —_ 0'99) tan A = 0. (27)

There are three solutions to this equa-
tion corresponding to the three tectonic
provinces:

1. Equatorial zone of thrust faulting.
The difference between maximum and mini-
mum principal stress is o4y — o)r = Y.
But ¢, = 0 so ¢,, = Y. Thus the plastic
solution is

oes = Y — constant/cos A, (28)
Gop = Y.

2. Equatorial to midlatitude zone of
strike slip faults. In this zone the maximum
difference is 0,, — s = Y and

oee = Y In (cos \) + constant,

29
Top — 060 + Y ( )

3. Polar zone of normal faults. The maxi-
mum stress difference is o,, — og¢ In this

zone, so that gse = — Y and
oo (30)
Ope = — Y.

Note that the addition of a hydrostatic
stress field has no effect on these results,
since none of the stress differences would
be altered.

These plastic stress states preserve the
same stress orientations as the elastie stress
fields which produced them, so that the
occurrence of faulting in a tectonic province
does not change the character of the
province. The only exception is in the
equatorial province where any initial occur-
rence of thrust faulting is suppressed and
replaced by strike-slip faulting as soon as
strike-slip faulting begins elsewhere. Solu-
tions (28) and (29) can be joined to give a
zone of thrust faulting and strike-slip fault-
ing only when strike-slip faulting extends
poleward of 6824 latitude.

The plastic stress solutions in (28), (29),
and (30) must be joined to the elastic
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Fia. 6. Plastic yielding in a thin lithosphere begins
at the equator when o,, — a9¢ = Y, the yield stress.
Curves (a) show the stresses o¢p and a,, when yield-
ing has just begun. The elastic state is that appro-
priate for a despun planet with zero radial contrac-
tion or expansion. As the planet despins and stress
increases, yielding in the strike-slip province spreads
poleward to 35° latitude. At this time [curves (b)],
yielding begins at the poles. Further despinning
eventually brings the entire crust into the plastic
state [curves (e)]. Strike-slip faults occur from
0 to 48° latitude and normal faults occur poleward
of 48°. The boundary between these two regions is
determined by the elastic stress field, and is main-
tained even in the fully plastic state.

solutions previously obtained. The bound-
ary between the elastic and plastic regions
always occurs at the latitude where the
relevant stress difference reaches the yield
point. This stress difference is smaller than
the yield point in the elastic region, and is
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equal to it in the plastic region. In joining
solutions from an elastic to a plastic region
or from a plastic region to a plastic region,
the only requirement is that o4 be con-
tinuous. In particular, ¢,, need not be
continuous.

When the planet is sufficiently despun,
the entire lithosphere enters the plastic
state. Further despinning does not change
the stress values given by (28), (29), and
(30). Although the stresses remain con-
stant, an arbitrary amount of strain may
occur, so that the flattening decreases as
the spin decreases. The entire stress field is
specified by the condition that ag be con-
tinuous and by the constants in (28) and
(29). These constants are determined
solely by the latitudes at which one tec-
tonic province transforms into another.
Figure 6 illustrates the evolution of a thin
lithosphere from an elastic to a fully plastic
stress state. Curves (a) of the figure
represent an elastic lithosphere in which
failure has just begun at the equator. If
the planet despins further, strike-slip
failure spreads from the equator to 35°
latitude, at which time normal faulting
begins at the poles [curves (b)]. Curves
(¢) describe the stress field when the
entire lithosphere has failed and become
fully plastic. Further despinning of the
planet does not alter the stress field; how-
ever, the amount of strain occurring in each
provinee is unlimited. The latitude of the
transition between strike-slip faulting and
normal faulting is maintained even after
the lithosphere becomes fully plastic. There
is nothing in the plastic stress field which
determines the transition latitude: this is
established by the elastic field just before
the lithosphere became fully plastic. The
plastic lithosphere thus retains a memory
of its previous elastic state. This result is
characteristic of plasticity, owing to the
highly nonlinear nature of the equations.
Different plastic solutions may not be
superposed.



GLOBAL TECTONICS OF A DESPUN PLANET

The fact that the plastic state retains a
memory of the previous elastic state does
not mean that once the planet’s lithosphere
has become fully plastic the size of the
tectonic provinces cannot change. If the
elastic stress generated by each slight new
loss of spin has the same pattern as the
stress field which led to the fully plastic
condition, the stress will be relaxed by the
appropriate fault motion in each tectonic
province. On the other hand, if the pattern
differs (as may occur when the rates of
despinning and radial contraction are not
equal), the tectonic provinces will shift to
accommodate the new stress.

The direction of this shift can be evalu-
ated by a simple conceptual model. Suppose
that some new combination of despinning
and contraction tends to shift the tectonic
provinces. Let the stress which would be
generated in an elastic shell by some small
inecrement of this combination of despinning
and contraction be superposed on the
plastic stress field in the crust. (Since
real faults require more stress to initiate
their motion than to continue it, this con-
ceptual model may have a physical basis.)
Evaluate the position of the new tectonic
provinees by the usual arguments and then
compute the plastic stress state according
to these new boundaries. During this process
portions of the lithosphere may even drop
back into the elastic state. In this manner
we proceed step by step in small inerements
until the desired total amount of despinning
and contraction has occurred. It is evident
that this method will drive the tectonie
provinees in the same direction as that
in which they would move if the stresses
were purely elastic. The actual position of
the provinces for a given amount of de-
spinning and contraction could be much
different than the elastic case, however.
In particular, the equatorial thrust-faulting
province is completely suppressed (and re-
placed by strike-slip faulting) until strike-
slip faulting occurs poleward of 68°4.
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We shall not, further detail the evolution
of a fully plastic lithosphere, since each
possible history of despinning and contrac-
tion or expansion yields a different final
state. The hysteresis in a plastic lithosphere
means that these histories must be treated
on a case-by-case basis. Moreover, the
method we have described is based on an
ideally plastic substance; a real lithosphere
may tend to deform in the same style in
which it had previously deformed, thus
inhibiting the spread of tectonic provinces.
This discussion of plasticity does, however,
permit us to make some generalizations
which are probably valid for a real plane-
tary lithosphere. First, the tectonic pattern
predicted by an elastic shell model is main-
tained even when the lithosphere becomes
fully plastic (with the exception of the
thrust faulting province). Changes in the
tectonic pattern due to changes in the
relative proportion of despinning and con-
traction are qualitatively predicted by the
elastic model, although there is no quantita-
tive comparison for a fully plastic litho-
sphere. The second major conclusion is that,
despite the success of the elastic model in
predicting the tectonic pattern, the nu-
merical values of the stresses may be very
different in elastic and plastic lithospheres.
Clearly, stress differences in a plastic
lithosphere can never exceed the yield
point, while these differences are unlimited
in an elastic lithosphere.

CONCLUSIONS

We have seen that despinning a planet
with an elastic lithosphere produces a dis-
tinctive pattern of stress. The details of
thisstress pattern and the magnitudes of the
stresses themselves depend most strongly
upon the thickness of the lithosphere. The
presence or absence of a dense core, and
the compressibility of the elastic shell have
only minor influences on the surface stress
pattern. This pattern (although not the
magnitude of the individual stresses) is
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maintained even when the lithosphere fails
and becomes fully plastic (except that
thrust faulting is suppressed until strike-
slip faulting occurs poleward of 68%°4
latitude). The size and character of the
tectonic provinces defined by the surface
stress patterns may be greatly altered if the
planet contracts or expands slightly as it is
despun. The one invariable feature of the
great variety of tectonic patterns due to
despinning plus contraction or expansion
is that the azimuthal stress ¢,, always
exceeds the meridional stress gge. A global
system of fractures or lineaments in which
this relation does not hold could not have
been produced by despinning. We thus
have one definitive test for rejecting the
possibility that a given planetary lineament
system is due to despinning. Another test,
which may not be definitive, is to look for
signs of tensional stresses in the polar
regions. The existence of east—west-trending
lineaments at high latitudes on a despun
planet would provide further evidence that
its lineament system was due to despinning.
If the planet had contracted sufficiently
as it despun these east-west lineaments
could be absent, but only at the expense of
north-south-trending thrust faults over
most of the planet’s surface.

The rich variety of tectonic patterns
related to despinning and contraction or
expansion suffers, at the moment, from the
lack of an equally rich sample of despun
planets. Mercury and the Moon are all we
have to work with at the moment. The
Mercurian lineament system is currently
under study (Dgzurisin, 1976), while the
lunar lineament system has been given
detailed study only on the basis of tele-
scopic observations (Iielder, 1963; Strom,
1964). These observations indicate systems
of NE- and N'W-trending lineaments in the
correct orientation for strike-slip faults with
Gee = ogo. The existence of a relatively
strong NS trend is harder to reconcile with
despinning. Future studies of the lineaments
of the lunar farside and especially of the
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polar regions will be very useful in deciding
whether or not despinning played a major
role in creating the lineament systems.
The lack of despun planets may be remedied
in the future by spacecraft missions to
photograph the surfaces of Titan and the
Galilean satellites of Jupiter. These satel-
lites are all large enough to provide ex-
cellent tests of whether or not despinning
a planet can strongly influence its surface
tectonics.

APPENDIX: CALCULATION OF STRESSES
IN THE LITHOSPHERE OF A
DESPUN PLANET

The geometry and definition of variables
in the following discussion are given in
Fig. 2. The general reasoning of the deriva-
tion is described in the text. We begin by
computing the gravitational potentials and
pressures in a hydrostatic planet which has
a core with density p, different from the
lithosphere’s density. The gravitational
potential in the lithosphere for arbitrary
flattening of the surface f and core f;is

uc 302 — 12 a
Um=——[———+—<n—1>¢3
Pm 2a? r
+Pr2]+ux[fr2+fia3( )
_— _f - _1 5
3 a? pm L10 a2 10 73 ! ¢
+ I‘r2:|(1 3 2 A
— — 3 cos 2)), 1
12 a? ) (4D

where we have defined the auxiliary
quantities

k = (4n/3)Ga’pom?/p, (A2a)
' = (3/4m)w*/ pml, (A2b)
¢ = b/a, (A2¢)
1 = pe/pu. (A2d)

Note that when p, = p. the quantity T' in
(A2D) is exactly the same as the m defined
in the text [Eq. (4)]. The gravitational
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potential in the core is

MK |‘3a2 —r2 3 -

c = o 1
pmbl  2a? (n )
T 72 pe ot fir?
_|___:|—|——|:——+——(77—1)
3 @ pm L10 a2 10 a®
T r2
+ _m:| (1 —3cos2\). (A3)
12 a?

The pressure in a hydrostatic sphere is
given by p = const — pU (when p is as-
sumed constant). Since p (surface) = 0, we
find that the pressure pm in the litho-
sphere is

at—1r a—r
Pm = px +

2a? T
I —a? fr
+ - ] — bk [* -
3 a 10 a?
fi a? T 72
+25 60— ne+—= |
10 3 12 o?
X (1 — 3 cos 2)).

(n — 1)¢?

(A4)

The pressure p, in the core is

a?—m* (1 —1)
Pe = MK + ¢?
2a? 2

\ 771)2_7-2
to-ne(l-e+l—)

T b2 — r2
e )
3 a?
S
—mmli‘—-l-
10 ¢

10 a?

X (1 — 3 cos2\), (A5)

where the constant in p. has been deter-
mined by requiring continuity of pressure
across the core-lithosphere interface. The
hydrostatic flattenings f and f; are deter-
mined by requiring that the surfaces

a[l — (f/6)(1 — 3 cos2)\)], (A6a)
b[1 — (f:/6)(1 — 3 cos 2\)] (A6b)

T

T
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are the equipotential surfaces of constant
pressure. The resulting equations for f
and f; are

5 T
f=- ) (A7a)
6H — 1
f T (A7b)
T o@p+3)H-—1'
where 514 ( 1
== k (A8)
3 ) 3(n — 1)

(27 + 3)

We now suppose that the planet despins,
decreasing T' to I’. At the same time f
decreases to f/ and f; to f/. The new
values of flattening f” and f.” will not, in
general, correspond to hydrostatic values.
In order to satisfy the surface boundary
conditions

o (surface”) = 0,
(A9)
o9 (surface’) = 0,
and the core-lithosphere interface bound-
ary conditions
or (core’) = constant,

0,

elastic strains must develop in the litho-
sphere. There are two types of elastic
solutions. The homogeneous elastic solu-
tions satisfy the equation (Jeffries, 1952)

(A10)

o6 (core’)

v(V-u) + uViu = 0, (A1)

1— 20

where u is the displacement of a point in
the lithosphere,

u=r—r. (A12)

There are also strains which develop in re-
sponse to the change in gravitational po-
tential due to the change in shape of the
lithosphere. These strains must satisfy the
inhomogeneous equation

Lu/(1 — 20)JV(V-u) + uV?u

= — pmv(Um/ - Um)' (A13)
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TABLE AI

COEFFICIENTS OF THE ELASTIC SOLUTIONS
10 (All) anD (A13)

A. Homogenous solutions

n=1 n =3 n=—2 n=—4
« 1 1 1 1
—7 4+ 40 (1 — 20
- - 2
A 3 20 6 5 — 40‘)
B. Inhomogenous solutions.
U — Un = (ear® + c_sr™3) (1 — 3 cos 2A)
n=3 n =-—2
PmC2 (1 = 20) omC_3 {1 — 2(1)
@ 28u\1— o 48 \1—¢o
P n 3omC2 (1 — 20) _ pmb3 (1 — 20)
56 \1 — ¢ 8u 1—0¢

There are four solutions to (A11) and two
solutions to (Al3) for second-degree har-
monic potentials acting on an elastic shell.
These solutions are given by the general
form

u, = ar"(1 — 3 cos 2\), (Al4a)
ug = Bre sin 21, (Al4b)
up = 0, (Al4c)

in terms of which the stresses are

2#7'"_1
Trr = ([ ~ o)n + 20]a + o8}
1—2¢
X (1 — 3cos2\), (Alba)
2urr1
oo = {{A + no)a + o8]
1— 20
— [3(1 + no)a + (2 — 0)B]
X cos 27}, (A15b)
2;1,7‘"—1
Tpp = {LA + no)a + (1 —o0)8]
1— 20
— [83(1 4+ no)a + (1 + 0)B]
X eos 20}, (Al5e)
n—1
oro = 2ur~! ( 8 — 3a)
2
X sin 2\, (A15d)
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Solutions exist for n = 1, 3, — 2, and — 4.
The relative magnitudes of a and B are
given in Table AI for each of these solu-
tions. The values of a and 8 for the inhomo-
geneous solutions corresponding to n = 3
and — 2 are also given for a potential of
the form

Uwn — Un = (car* 4+ c_3r=3) (1 — 3 cos 2X),
(A16)
where the constants c¢; and ¢_; are obtained

from an evaluation of Uy — U as de-
duced from (Al):

we (f—f T =T
o= — ( ) (A17)
oma? \ 10 12
uka? fo— f¢
b= — =1 (A18)
Pm 10

The boundary conditions (A9) and (A10)
require that

0 = pu(surface’) + o, 2home (surface’)
+ o, ome(surface’),

0 = g, ¢nbome (surface’) (A19)
+ o.s"omo (surface’),
and
0 = pm(core’) — p.(core’)
+ o.rrinhomo (COI‘e,)
+ o, ™o (core’), (A20)

0 = g,ekomo(core’) 4+ g,6"m(core’),

where pm 1s the pressure in the lithosphere
of the hydrostatic planet (A4) which must
be evaluated on the new surface

v = a[l — (f/6)(1 — 3 cos 2N)].
Thus,

pm(surface’) = — (ux/6)[1 + (3 — 1)¢*]
X (f— A — 3cos2r). (A22)

(A21)

Now pm — p. must be evaluated at the
base of the lithosphere (at the core-
lithosphere interface), given by

r = b[1 — (f//6)(1 — 3cos2)] (A23)
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TABLE AII

ELEMENTS OF THE MATRIX EQUAaTION DETERMINING THE Four HoMoGgENOUS ELAsTIC
SOLUTIONS FOR STRESS IN THE LITHOSPHERE OF A DESPUN PLANET

Equation

Mll M12 M13 Mld

M21 M22 M23 M24

M3, Mz M M,

Mg Me Mg My

Matrix elements

o K,
aa? K,
a2 - K;
oz.,a“‘ K4

My = — 2+ 6(4,+ B¢ M; =64 6(D, + Epd)
74+ 20
Mi = 1+ 6(A1 + B o= 24 6Dy + B
14+a
M13_4( )+6(A1+B1¢2) M33=12( )+6(D1+E¢2)
My, =8+ 6(A:+ B)) My =16+ 6(D,+ Ey)
My = — 24 6(A: + Baxw?) My =64 6(D; + Ex?)
742
My = ¢? + 6(A2 + Be9?!) My = (,%’) ¢* + 6(D: + Ex*)
14+ 1
M =4 (20 )5+ 6Us + B/ M = 12(557) 5+ 60 + Bufo)
My = 8/¢% + 6(A4: + B:/¢%) My = 16/¢5 + 6(D2 + E2/9%)
Auxiliary quantities
4. = [_1_(6—50)_(1-}-(71—1)&)] _ 1(6—50- f
S K AN 6 ""[7 1—0)"” 10
 m—1(5c—1 -1 5o — 1 :l
Bi=r"g 1—a) Be=xg5 L2 1—U)+"
D = — 3 1 - 2a) Dy — D
S AN g 2= D
17 —1/1—2¢
E1 = - ) Ez = E1
1 -9
— 5tr> (T —
! 1—o0
k1 /6 — 5o
g = — - - 2 —_ !
K, 12[7(1 a') ":l‘“r )
— 3k
K=o \1C a) (r -
Ky = Ky¢?
so that The inhomogeneous terms o, *ome and
) o.¢mme must be functions of Un' — U
Pm(core’) — pe(core’) and thus of f— f and f; — f/. The
= (uk/6)n(n — 1)¢>(f: — f). (A24) boundary conditions (A19) and (A20) re-
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duce to the simple case found in the text
(14b), when Poisson’s ratio ¢ = %. In this
case o,,"P°mo ig simply the hydrostatic pres-
sure due to U’ — Um so that pm(surface’)
+ g, imhemo(gurface’) = pn’(surface’), and
oreinheme = (O, In the general case of o # 3,
(A19) and (A20) must be used.

The magnitudes of the four homogeneous
solutions have not yet been specified.
Equations (A19) and (A20) constitute four
equations in six unknowns. The unknowns
are f— f, fi — f/, and the magnitudes
a; (i = 1, 4) of the homogeneous solutions.
Equations (A12) and (Al4a) give us two
more equations; at the surface (A6a) and
(A21) imply

u.(a)y =r —r
= —3(f— )1 —3cos2r
s(f— )( cos 2)) (A25)
= (a1 + a0® + aza™? + aa™)
X (1 — 3 cos 2\);
thus,

f—f = —6{ar + a:0® + aza? + aa™).
(A26)

At the core-lithosphere boundary (A6b)
and (A23) give

—3(fi— 1)
X (1 — 3 cos 2X\)

= (a1 + a2b3 + agb_2 + a4b_4)
X (1 — 3cos2)\);

u by =r; —r)/ =
(A27)

hence

fi— fi = — 6(ar + ab® + ad? 4 ab™).

(A28)

The relations (A26) and (A28) allow us to
replace f — f" and f; — f/ by expressions
involving the four unknown «;. Equations
(A19) and (A20) thus become four equa-
tions for the four unknown «;. The a; can
then be computed by standard matrix
methods for given values of «, I, ¢, and 7.
The «; are determined from an equation of

H. JAY MELOSH

the form
(23] Kl
a2a3 _ Kz
a0 < 1R (a20)
a4a_4 K4

The matrix elements M ;; and constants K;
are given in Table AIIL. Once the «; are
found by inverting the matrix M, the
stresses o9 and o,, can be computed. In
particular,

oo (surface’) = pu (surface’)
+ ggginheome (surface’)

+ gegomo (surface’), (A30a)

g0 (surface’) = p.(surface’)
+ o, imbome (surface’)

+ o .ome (surface’).  (A30b)

The plots of o4s and o,, in the text of this
paper were computed in the manner here
deseribed. A useful scaling relation for these
stresses 1s that they are proportional to
(I' — T), all other variables being the same.
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